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The existence and computation of roots appear in the number
theory, numerical analysis, algebra, complex analysis, cryptog-
raphy, etc. The study of cube and higher roots of a real num-
ber was a problem of eleventh century. Jia Xian and al-
Samawal established a method to calculate the approximate
value of nth root of a real number. In 1427, Jamshid al-
Kashi extracted the fifth root of a decimal number and sixth
root of a sexagesimal number. Later, many researchers have
studied the cube and other roots of a real number in different
ways Ruffini [21], Horner [10,11]. For the first time Paul [17]
studied, the extraction of higher roots in Arabic (Islamic)
mathematics and their works focus on the work of Jamshid
al-Kashi. Levey and Petruck [14] reported the Arabic work
of Paul [17] in English language. After that many works were
treating extraction of the cube root and higher order roots andedited or translated by Saidan [1–3] and Rashed [20]. Further,
the possible Chinese influence was already assumed by Paul,
which was brought forward by Chemla [7]. Moreover, Chemla
and Guo [8] translated the oldest description of the extraction
of cube roots was found in China ‘‘Mathematical Art (Jiuz-
hang suanshu)” in French language whereas Kangshen et al.
[13] translated in English language.
Burr [6] developed several iteration methods for computing
cube roots, when a fast square root was available. He also
observed that some of the methods are superior to the conven-
tional Newton’s method in particular situations. Padro and
Saez [15] generalized the algorithms established by Shanks
[22] and Peralta [18] for computing square roots modulo of a
prime to algorithms for computing cube roots. Their work
has an important role in cryptosystems. Ahmadi et al. [4] cal-
culate the number of nonzero coefficients (Hamming weight)
in the polynomial representation of x
1
3 in F3½x=ðfÞ, where
f 2 F3½x is an irreducible trinomial. Cho et al. [9] found that
the shifted polynomial basis and variation of polynomial basis
reduce Hamming weight of x
1
3 and x
2
3. They also gave a suitable
shifted polynomial basis that was eliminating modular reduc-
tion process in cube roots computation. Parakh [16] observed
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Aryabhata’s root extraction methods. The study by Johansson
[12] supports the hypotheses previously formulated by Paul
[17] and Chemla [7] on an early scientific connection between
China and Persia. Recently, Taisbak [23] gave a possible math-
ematical proof of the conjecture about Heron’s method using
difference operators.
Field programmable gate arrays (FPGAs) are digital inte-
grated circuits (ICs) that contain configurable (programmable)
blocks of logic along with configurable interconnects between
these blocks. Design engineers are able to configure (program)
such types of devices to execute a variety of incredible jobs.
Hence the marketing time for FPGAs is much faster.
In this paper, general methods are provided to determine
the cube and higher order roots of any real number. This
method is very simple and straight forward and similar to
the method proposed by Black [5]. Implementing on FPGA
it is verified that our method has better performance in delay,
area and power consumption than the method adopted by
Black [5]. Again the performance of our method is much better
than Putra and Adiono [19] with respect to delay. Further,
counter examples are given to justify the proposed work.
2. Extraction of cube roots
In this section we discuss our new method to find the cube root
of a given number and explain the theory behind this. Also
provide counterexample to understand the method as well as
theory in a lucid manner. Again y is considered as a digit
between 0 and 9 throughout the paper.
2.1. Method
Let us remember the cubes of first 9 digits, namely 13 ¼ 1; 23 ¼
8; 33 ¼ 27; 43 ¼ 64; 53 ¼ 125; 63 ¼ 216; 73 ¼ 243; 83 ¼ 512;
93 ¼ 729. These numbers will help us to find the first quotient
when we are going to calculate the root of a number. First Put
bars on every 3 digits from right to left before decimal point
and from left to right after decimal point of the given number.
Then consider the first group (may contain one or two digits
number) of digits as the first dividend. Define a number x such
that x3 is less than or equal to first dividend and ðxþ 1Þ3 is
strictly greater than first dividend. So the first divisor will be
x and the first quotient will also be x. Now x3 is subtracted
from the first dividend and the next group of 3 digits is to be
written just to its right. Consider this number as second divi-
dend. Multiply 300 to the square of the first quotient x. Then
find a digit y and multiply 30 times of x to it. Now add the
above two products with y2 to obtain the second divisor. So,
second divisor is equal to 300x2 þ 30xyþ y2. The choice of y
is largest possible digit such that yð300x2 þ 30xyþ y2Þ is less
than or equal to second dividend. Third dividend can be
obtained by subtracting the product yð300x2 þ 30xyþ y2Þ
from second dividend and write the next group of 3 digits just
to its right. Consider the new quotient defined above as x and
find a new largest possible y such that yð300x2 þ 30xyþ y2Þ is
less than or equal to third dividend. And the third divisor is
equal to 300x2 þ 30xyþ y2. Continuing this process in a simi-
lar way, we see that in each step, the next divisor will be
300x2 þ 30xyþ y2, where x is quotient defined as above andy is the largest possible digit such that yð300x2 þ 30xyþ y2Þ
is less than or equal to the next dividend. This process contin-
ues till the remainder becomes 0. The final quotient so
obtained in the whole process will be the desired cube root
of the given number.
2.2. Theory
The theory behind the above method is very straight forward.
Let D be the given number and assume that D ¼ ð10xþ yÞ3.
Now subtracting ð10xÞ3 from the given number we have
D ð10xÞ3 ¼ 300x2yþ 30xy2 þ y3
¼ yð300x2 þ 30xyþ y2Þ:
One can easily see that first divisor is x and first quotient is also x.
In each step, next divisor is 300x2 þ 30xyþ y2 and next
digit of the quotient is y. New quotient is 10xþ y. The choice
of y is largest possible digit such that yð300x2 þ 30xyþ y2Þ is
less than or equal to next dividend.
2.3. Example
Let us discuss the method as well as the theory step by step
through a counterexample.
Example 2.1. How to find the cube root of 18761723.501248?
Step-I Putting bars on every 3 digits starting from right to
left before decimal point and from left to right after decimal
point, we have 18761723 :501248.
Step-II Consider the first group of digits that is 18, the first
dividend. We see that 23 6 18 but 33 > 18. So the first divisor
of our method is 2 and first quotient is also 2. Then subtract
23 ¼ 8 from 18 and write the next group of 3 digits 761 just to
its right. Take the new number 10761 as the second dividend.
Step-III Now consider first quotient 2 as x and calculate the
greatest y such that yð300x2 þ 30xyþ y2Þ 6 10761. We see that
6ð300 22 þ 30 2 6þ 62Þ ¼ 6 1596 ¼ 9576 6 10761 but
7ð300  22 þ 30 2  7þ 72Þ ¼ 7 1669 ¼ 11683 > 10761.
So the second digit of the quotient is 6, second divisor is 1596
and new quotient is 26.Multiplying 6 with 1956 and subtracting
from 10761 we get 1185. Now writing the next group of 3 digits
just right of 1185, we obtain the third dividend that is 1185723.
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the greatest y such that yð300x2 þ 30xyþ y2Þ 6 1185723. We
observe that 5ð300 262 þ 30 26 5þ 52Þ ¼ 1033625 6
1185723 but 6ð300 262 þ 30 26 6þ 62Þ ¼ 1245096 >
1185723. So the third digit of the quotient is 5, third divisor
is 206725 and new quotient is 265. Multiplying 5 with 206725
and subtracting from 1185723 we have 152098. Now writing
the next group of 3 digits just right of 152098, we find the
fourth dividend that is 152098501.
Step-V Consider the new quotient 265 as x and find
the greatest y such that yð300x2 þ 30xyþ y2Þ 6 152098501.
We can check that 7ð300 2652 þ 30 265 7þ 72Þ ¼
147862393 6 152098501 but 8ð300 2652 þ 30 265 8þ
82Þ ¼ 169049312 > 152098501. So the fourth digit of the
quotient is 7, fourth divisor is 21123199 and new quotient is
265.7. Multiplying 7 with 21123199 and subtracting from
152098501 we have 4236108. Now writing the next group of 3
digits just right of 4236108, we get the fifth dividend that is
4236108248.
Step-VI Finally consider 2657 as x and find the greatest y
such that yð300x2 þ 30xyþ y2Þ 6 4236108248. We can see
that.
2ð300 26572 þ 30 2657 2þ 22Þ ¼ 4236108248. So the
fifth digit of the quotient is 2, fifth divisor is 2118054124 and
the required cube of the given number is 265.72. Multiplying 2
with 2118054124 and subtracting from 4236108248, we get the
remainder 0.Hence
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
18761723:5012483
p ¼ 265:72.3. Extraction of higher order roots
In this section we establish our new method to find the nth root
of a given number and provide the related theory. Further, a
counterexample is given for easy explanation.
3.1. Method
Once again remind the nth powers of first 9 digits, that is
1n; 2n; 3n; 4n; 5n; 6n; 7n; 8n and 9n. Through these numbers we
can find the first quotient, while calculating the nth root of a
number. Put bars on every n digits from right to left before
decimal point and from left to right after decimal point of
the given number. Then consider the first group (may contains
one, two or ðn 1Þ digits number) of digits as the first divi-
dend. Now find a number x such that xn 6 first dividend but
ðxþ 1Þn > first dividend. So, the first divisor will be x and first
quotient will also be x. Then xn is subtracted from the first
dividend and the next group of n digits is written just to its
right which is considered as the second dividend. Now find
the largest possible y such that
y nC1ð10xÞn1 þ nC2ð10xÞn2yþ    þ nCn1ð10xÞyn2 þ yn1
n o
6 second dividend:
So
Second divisor ¼ nC1ð10xÞn1 þ nC2ð10xÞn2yþ   
þ nCn1ð10xÞyn2 þ yn1;
and
New quotient ¼ 10xþ y:
In a similar manner in each step we consider the quotient
defined earlier as x and find the largest possible y such that
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n o
6 next dividend:
In each step
Divisor ¼ nC1 ð10xÞn1 þ nC2ð10xÞn2yþ    þ nCn1ð10xÞyn2
þ yn1;
and
New quotient ¼ 10xþ y:
The process continues till the remainder becomes zero. The
final quotient so obtained in the whole process will be the
nth root of the given number.
3.2. Theory
The theory is very simple. Let D be the given number and we
want to find out the nth root of D. Assume that
D ¼ ð10xþ yÞn. Then subtracting ð10xÞn from D, we have
Dð10xÞn
¼ nC1ð10xÞn1yþnC2ð10xÞn2y2þþnCn1ð10xÞyn1þyn
¼ y nC1ð10xÞn1þnC2ð10xÞn2yþ þnCn1ð10xÞyn2þyn1
n o
:
One can easily observe that first divisor is x and first quotient
is also x. In each step, nC1ð10xÞn1 þ nC2ð10xÞn2yþ   
þnCn1ð10xÞyn2 þ yn1 is the divisor, where y is the next digit
of the quotient and x is the quotient defined so far. New
quotient is 10xþ y. The choice of y is the largest possible digit
such that y nC1 ð10xÞn1 þ nC2ð10xÞn2yþ    þ nCn1ð10xÞyn2
n
þyn1g less than or equal to next dividend.
3.3. Example
The proposed method and the theory are illustrated in Exam-
ple 3.1.
Example 3.1. How to find the sixth root of 168425239515625?
Step-I Putting bars on every 6 digits from right to left, we
have 168425239515625.
Step-II Consider the first group of digits that is 168 as the
first dividend. We see that 26 6 168 but 36 > 168. So the first
divisor of our method is 2 and first quotient is also 2. Then
subtract 26 ¼ 64 from 168 and write the next group of 6 digits
425239 just to its right. Take the new number 104425239 as the
second dividend.
Step-III Now consider first quotient 2 as x and calculate the
greatest y such that.
y 6C1 ð10 2Þ61 þ 6C2 ð10 2Þ62y þ 6C3 ð10 2Þ63y2
n
þ6C4ð10 2Þ64y3 þ 6C5 ð10 2Þ65y4 þ y5g 6 104425239. Wesee that when y ¼ 3, the above product is 84035889 which is
6 104425239 but when y ¼ 4, the above product is
> 104425239. So the second digit of the quotient is 3, second
divisor is 28011963 and new quotient is 23. Multiplying 3 with
28011963 and subtracting from 104425239, we have 20389350.
Now writing the next group of 6 digits just right of 20389350,
we get the third dividend that is 20389350515625.
Step-IV In this step take the new quotient 23 as x and find
the greatest y such that y 6C1ð10 23Þ61 þ 6C2ð10 23Þ62y
n
þ6C3ð10 23Þ63y2 þ 6C4ð10 23Þ64y3 þ 6C5ð10 23Þ65y4þ
y5g 6 20389350515625. We observe that when y ¼ 5 the
above product is 20389350515625. So the third digit of
the quotient is 5, third divisor is 4077870103125 and the
required sixth root of the given number is 235. Multiplying 5
with 4077870103125 and subtracting from 20389350515625,
we get the remainder 0. The final table of calculation is as
follows.
Hence
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1684252395156256
p ¼ 235.4. Analysis on FPGA
4.1. Algorithm
Algorithm to find a cube root of 32 bit BCD (Binary Coded
Decimal) number.
1. Enter a 32 bit BCD number.
2. Declare three variables X 1;X 2;X 3. Assign X 3 to 12 bits of
entered number from LSB (Least Significant Byte). Assign
X 2 to next 12 bits after X 3. Assign X 1 to next 8 bits from X 2
towards the MSB (Most Significant Byte) of entered 32 bit
BCD number.
3. Declare output variables Y 1; Y 2; Y 3 each of size 4 bits.
4. Take the number X 1 as input and make a function call
(finding Y 1) to find Y 1.Function call (finding Y 1).
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(ii) If (X 1 <¼ 1) then Y 1 ¼ 1;Else if (X 1 <¼ 8) then Y 1 ¼ 2;
Else if (X 1 <¼ 27 and X 1 > 8) then Y 1 ¼ 3;
Else if (X 1 <¼ 99 and X 1 > 27) then Y 1 ¼ 4;5. Next step 5 and step 6 are used to find the variable Y 2.
Take a variable A and assign A ¼ X 1  ðY 1  Y 1  Y 1Þ.
Take a variable B and assign B ¼ A 1000þ X 2.
6. Take B and Y 1 as input variables and a function call
(finding Y 2) to find next output variable Y 2.
Function call (finding Y 2).
(i) Take variables B and Y 1 as inputs.
(ii) Finding Y 2 will be in trial and error method which
value will range from 0 to 9.By trial and error solve
Y 2 where Y 2  ð300 Y 1  Y 1 þ 30 Y 1  Y 2 þ Y 2
Y 2Þ <¼ B.7. Next step 7 and step 8 are used to find the variable Y 3.
Take a variable C and assign C¼ Y 2ð300Y 1Y 1þ30
Y 1Y 2þY 2Y 2Þ. Take a variable D and assign D¼BC.
Take a variable E and assign E¼D 1000þX 3.
Take a variable H and assign H ¼ Y 110þY 2.
8. Take E and H as input variables and make a function
call (finding Y 3) to find variable Y 3. The steps of
function call (finding Y 3) are similar to earlier function call
(finding Y 2).
9. Combine the variables Y 1; Y 2; Y 3, (where Y 1 is MSB and Y 3
is LSB) and assign it to an output variable Y which is the
final result.
4.2. Implementation
FPGA (Field Programmable Gate Array)s are reprogram-
mable silicon chips. Using prebuilt logic blocks and program-
mable routing resources, we can configure these chips to
implement custom hardware functionality without ever having
to pick up a breadboard or soldering iron. So FPGA can be
used as a prototype of the final design. There are different
CAD (Computer Aided Design) tools are available to config-
ure the different FPGAs. The FPGA is operating at a maxi-
mum frequency of 69.01 MHz, which has device number
XC4VLX15, package SF363 and speed grade-12. Here we have
used Xilinx CAD tool and Xilinx Virtex 5 FPGA for imple-
menting our long division method for finding the cube root
of a 32 bit BCD number on the hardware of FPGA. We have
also implemented the method for finding the cube root using
Black [5] and Putra and Adiono [19] methods for comparing
our result.
It can be easily observed from step 6(ii) of Algorithm 4.1,
our method requires two multiplications less than those of
the methods of Black [5] and Putra and Adiono [19]. And in
step 7 of Algorithm 4.1, this iteration is repeated 10 times.
Hence the proposed method is able to reduce 22 multiplication
operations. For formal multiplication operations slices and
LUTs are used. But for multiplication and addition (i.e. multi-
ply and accumulation) operations DSP blocks are used. As our
method reduce at least 22 operations as compared to Black [5]
and Putra and Adiono [19], the number of slices and DSP
blocks is also less for our method.4.3. Comparison
The detailed comparison is described as follows.
Area performance in the method of Black [5]Number of slices: 12 out of 12480Number of LUTs: 1966 out of 12288Number of DSP48s: 15 out of 24Area performance in the method of Putraand Adiono [19]Number of slices: 119 out of 12480Number of LUTs: 380 out of 12288Number of DSP48s: NAArea performance in our methodNumber of slices: 7 out of 12480Number of LUTs: 2320 out of 12288Number of DSP48s: 4 out of 24Delay performance in the method ofBlack [5]: 18.269 Nano Second.Delay performance in the method of
Putra and Adiono [19]: 14.49 Nano
Second.Delay performance in our method:
13.528 Nano Second.From the above data it is observed that the area perfor-
mance of our method is better as compared to that of [5].
But the delay performance of our method is faster than that
of Black [5] and Putra and Adiono [19].
In computers and calculators root extractions are generally
executed by Newton’s method. But, the convergency of that
method depends on the choice of suitable initial value. These
difficulties will not arise in our proposed method.
5. Conclusion
The proposed method for extraction of cube root is found to
be better and faster than the method of Black [5] and Putra
and Adiono [19]. This is because of suitable algebraic manipu-
lation in calculation. Also one can easily observe that our
method requires at least two operations less than those of
the earlier [5,19], in each step. The reported results of [5] are
extended to higher order roots. Further, examples are provided
to verify the present results. Moreover, computational com-
plexity of the method is explained.
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